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Abstract. Let D be a connected graph. The Dynkin complex CD{A) 
of a D-algebra A was introduced by the second author in [TL2] to 
control the deformations of quasi-Coxeter algebra structures on A. In 
the present paper, we study the cohomology of this complex when A is 
the group algebra of a Coxeter group W and D is the Dynkin diagram 
of W . We compute this cohomology when W is finite and prove in 
particular the rigidity of quasi-Coxeter algebra structures on kW . For 
an arbitrary W, we compute the top cohomology group and obtain a 
number of additional partial results when W is affine. Our computations 
are carried out by filtering the Dynkin complex by the number of vertices 
of subgraphs of D. The corresponding graded complex turns out to be 
dual to the sum of the Coxeter complexes of all standard, irreducible 
parabolic subgroups of W. 



1. Introduction 

Let g be a complex, semisimple Lie algebra and D the corresponding 
Dynkin diagram. The notion of quasi-Coxeter algebra of type D was in- 
troduced in |TL2j to put the monodromy of the Casimir connection of Q 
[MTLt ITL| and the quantum Weyl group representations arising from the 
quantum group UqQ |Lu| on an equal footing, and allow for their comparison 
via a suitable deformation complex. 

Roughly speaking, a quasi-Coxeter algebra A of type D is an algebra 
which carries representations of the generalised braid group Bd correspond- 
ing to D on its finite-dimensional modules. The deformation theory of 
such an algebra is controlled by a complex CD(A) concentrated in degrees 
< p < \D\ called the Dynkin complex of A. 

If W is the Weyl group of g, the complex group algebra A = CW possesses 
quasi-Coxeter algebra structures accounting respectively for the representa- 
tions of coming from the Hecke algebra filW) of W and the monodromy 
of Cherednik's KZ connection [Chj (see [TL21 §4] for details). 

While in this case these representations may easily be shown to be equiv- 
alent, this raises nonetheless the question of computing the Dynkin diagram 
cohomology of CW and more generally of the group algebra kW of a Cox- 
eter group over an arbitrary ground ring k, when the underlying D-algebra 
structure arises from the standard parabolic subgroups of W. 
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In the present paper, we answer this question when W is finite and k 
is a field of characteristic 0. Along the way, we also determine the top 
cohomology groups for arbitrary Coxeter groups and obtain partial results 
for affine ones. 

We carry out our computations by filtering CD{kW) by the number of 
vertices of subgraphs of D. Interestingly, and crucially for us, the associated 
graded complex Gr(CD{kW)) turns out to be dual to the sum of the Cox- 
eter complexes of all standard, irreducible, parabolic subgroups of W. This 
greatly simplifies the computation of H*(CD{kW)) since the Coxeter com- 
plex is acyclic for affine Coxeter groups and has cohomology in one degree 
only for finite ones. 

We turn now to a detailed description of the paper. 

In Section [21 we review the definition of the Dynkin complex of a D— 
algebra and define its canonical filtration. 

We then consider in Section [3] the case of the group algebra of a Coxeter 
group. In this case, the Dynkin complex has a direct sum decomposition 
parametrised by the conjugacy classes of W. Further, the graded complex 
Gr{CD(kW)) determined by the filtration of CD{kW) decomposes as a sum 
parametrised by connected subgraphs B of D. The summand associated to 
B is given by the morphisms from the Coxeter complex of Wb to kWs 
endowed with the adjoint action of Wb- 

In Section U we use the known description of the cohomology of the Cox- 
eter complex for finite and affine Coxeter groups to compute the cohomology 
ofGr{CD{kW)). 

In Section m we consider finite Coxeter groups. We compute the induced 
differential on H* {Gr {CD(kW))) and show that the resulting complex is 
quasi-isomorphic to CD. 

We apply this result in Section [6] to prove the rigidity of quasi-Coxeter 
algebra structures on kW when W is finite. 

The main result of Section [7] is the construction of a basis of the top 
Dynkin cohomology of the group algebra of an arbitrary Coxeter group: it 
is parametrised by cuspidal conjugacy classes such that the centraliser of an 
element of the class is in the kernel of the sign character. 

Section [8] is devoted to the determination of the Dynkin cohomology of 
finite Coxeter groups. We proceed case by case, by explicit computation for 
W classical or of type G2 and F4, and by using the program GAP for the 
remaining exceptional groups. In types A and B, we provide a very simple 
formula for the corresponding generating series which, in type A turns out 
to be the product of a bosonic and fermionic partition function. We show 
moreover that, for W classical, the Dynkin cohomology spaces stabilise with 
the rank of W. 

In the final Section [9l we describe the part of the Dynkin cohomology 
of an affine Weyl group corresponding to conjugacy classes of elements of 
infinite order. 
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2. D-ALGEBRAS AND THE DyNKIN COMPLEX 

This section reviews the definition of -D-algebras and of the Dynkin com- 
plex. With the exception of §2.41 the material is borrowed from [TL2j . 

2.1. D-algebras |TL2l §3]. Let D be a connected diagram, that is a non- 
empty undirected graph with no multiple edges or loops. We denote the set 
of vertices of D by V{D) and set |D| = |y(Z))|. By a subdiagram B C D 
we shall mean a non-empty full subgraph of D, that is a graph consisting 
of a subset V{B) of vertices of D, together with all edges of D joining any 
two elements of V{B). We will often abusively identify such a B with its 
set of vertices and write a £ B to mean a G V{B). Two subdiagrams 
Bi,B2 ^ D are orthogonal if they have no vertices in common and no two 
vertices ai G Q!2 € B2 are joined by an edge in D. 

Let be a fixed commutative ring with unit. By an algebra we shall mean 
a unital, associative A:-algebra. All algebra homomorphisms are assumed to 
be unital. Recall the following 

Definition 2.1. A D-algehra is an algebra A endowed with subalgebras Ab 
labelled by the connected subdiagrams B of D such that the following holds 

• Ab Ab' whenever B C B' . 

• Ab and Ab' commute whenever B and B' are orthogonal. 

\{ Bi, B2 ^ D are subdiagrams with Bi connected, we denote by A^^ the 
centraliser in A b^ of the subalgebras A^^ , where B2 runs over the connected 
components of i?2- 

2.2. The Dynkin complex [TL2| §5]. For any < p < n = \D\, set 

aCBCD, 
\a\=p 

where the sum ranges over all connected subdiagrams B oi D and ordered 
subsets a = {ai, . . . , ap] C V{B) of cardinality p and, by convention, = 

Ab- We denote the component of a G C^{A) along A^- by a(^B;a)- 

Definition 2.2. The group of Dynkin p-cochains on A is the subspace 
CDP{A) C CP{A) of elements a such that 

where, for any a £ 6p, a{ai ,...,ap} = {a^(i) , . . . , a^(p) } 



hn [TL2] Dynkin chains are defined with values in any Z)-bimodule M over A. We 
shall only need to consider M = A in this paper and therefore restrict attention to this 
case. 
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Note that 

CD^{A) = Z{Ab) and C7Z)"(A) ~ 

BCD 

For 1 < p < n - 1, define a map : CP{A) CP+\A) by 

where a = {ai, . . . , Op+i}, C^\^"' is the connected component oi B \ Ui 
containing a \ a, if one such exists and the empty set otherwise, and we set 
a(0._) = 0. For p = 0, define d% : C^{A) C\A) by 

where a^^Q,. is the sum of with B2 ranging over the connected compo- 
nents of -B \ Oj. Finally, set = 0. The map leaves CD{A) invariant 
and satisfies d\) = 0. The cohomology HD{A) of CD{A) with respect to do 
is called the Dynkin diagram cohomology of A. 

2.3. Restriction |TL2l §5.2]. Let D' be a connected subgraph of D. We 
have a morphism of complexes 

Resg, : CD{A) CD{Ad') 



ja iiB C D' 
otherwise. 



2.4. The canonical filtration on CZ)(^). Endow each chain group 
with the N-grading given by 



C^iA) = A 



B\a 
B 

aCBcD 
a\=p, \B\=q 



where p < g < n, and set CDP{A) = CZ)P(A) n C^{A). Since |Cf|";| < \B\, 
the Dynkin differential do maps CDq(A) to 



CDP;^\A) = ^CDr\A) 



r=q 

This gives a decreasing N-filtration on the Dynkin complex of A. The E2- 
term of the corresponding spectral sequence is the cohomology of CD{A) 
with respect to the differential 

P+i 

i=l 
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3. The Dynkin complex of a Coxeter group 

3.1. Description. Let W be an irreducible Coxeter group with system of 
generators S = {sjjjG/ and let D be the Coxeter graph of {W,S). For any 
subgraph BCD with vertex set Ib C /, let Wb C be the standard 
parabolic subgroup generated by Sj, i & Ib- 

Regard the group algebra A = kW as a D-algebra by setting Ab = 
kWB- By choosing a total order on the vertices of D, we can identify the 
corresponding Dynkin complex with 



CDP= Ws^SXa 

aCBcD 
\a\=p 

where a now ranges over the unordered subsets of V{B) and the VF^^Q-fixed 
points in kWB are taken with respect to the diagonal (adjoint) action. The 
Dynkin differential on kWB^^"^- is the map 

— , A;Wb^^\(^^^''>) e A:WB/^s'\(au{/3}) 

l3eB\a BCB'CD, 

l3eB'\a: 

B=C^\^^^ 

given by 



^(_l)pos(/3,aU{/3})-l^^^^^(_l^pos(/3,aU{/3})^^^ 

where can is the canonical inclusion map and for any /3 G /? C V{D), 
pos(/3,/3) G {1, . . . , is the position of /? relative to the total order on /3. 



3.2. Decomposition by conjugacy classes. Let C be the set of conjugacy 

classes of W. For any c G C, set 

CDP= fc(Wsnc)^^\2 

aCBcD 

\a\=p 

where, for any set X, k {X) is the vector space with basis X. Then CDc = 
^pCDc is a sub complex of CD and 

CD = ^ CDc. 

cec 

We denote the cohomology of the corresponding complex by HDc{kW). 
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3.3. Filtration. When filtered as in §2.41 the associated graded complex 
Gr(CD) (= the Ei-term of the spectral sequence) is the sum over all con- 
nected subdiagrams B O D oi the subcomplexes CDs given by 

CD^ = kWB^^\^ 

aCB, \a\=p 

^ Hom^.^ {k iWB/WB\a) , kWe) 

acB, \a\=p 

Recall that the Coxeter complex CC^ of Wb is the (homology) complex 

CC;^ = k {WB/WB\a) 
aCB, \a\=p 

with differential given by 

p 

dc {wWB\a) = wW^B\a)U{a,} 
1=1 

where a = {qi, . . . , ap} with qi < • • • < Op. The following immediate result 
identifies the 5-component CDb of Gr{CD) with the dual of the Coxeter 
complex of Wb with values in kWB- 

Proposition 3.1. The isomorphism ([3]) induces an isomorphism of com- 
plexes 

CDb ~ RomwsiCC^^kWB). 

4. The cohomology of CDb 

Assume henceforth that /c is a field of characteristic 0. 

4.1. Finite Coxeter groups. Assume in this paragraph that Wb is finite. 
Let Sb be the unit sphere in the Euclidean reflection representation of Wb, 
and cellulate Sb by its intersections with the chambers of Wb- Then, the 
Coxeter complex CC^ is the cellular homology complex of Sb, reduced 
and shifted by one [Hu]. Thus, Hp{CC^) is zero if p < \B\ and the sign 
representation e of Wb otherwise, so that, by Proposition l3.lt we have 

where kWB^ C kWB is the subspace transforming like the sign representa- 
tion e of Wb- 

Consider A;W^5^[— a complex concentrated in degree \B\. We have a 
morphism of complexes iB '- kWB''[—\B\] CDb given by the inclusion 

kWB' ^ kWB = kWB^'''^'' 
in degree \B\. Let Alt^ : kWB — > kWB^ be the projection given by 

AltB{f) = T^ e{w)wfw-\ 
I ^1 weWB 
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Since Alt^ is zero on X^aes ^Wb^^"^", it defines a morphism of complexes 
PB ■ CDb — > /cWb^[— Summarising, we have the fohowing Proposition. 

Proposition 4.1. If Wb is finite, the maps ib '■ kWB'^[—\B\] — > CDb and 
Pb '■ CDb — > A;TyB^[— are quasi-isomorphisms such that ps ° is = id. 

4.2. AfRne Coxeter groups. Assume now that Wb is an affine Coxeter 
group, and let Eb be the Euclidean space of dimension — 1 cellulated 
by the alcoves of Wb- The Coxeter complex CC^ is the cellular homology 
complex of Eb, reduced and shifted by one [Huj . and is therefore acyclic. Its 
terms of positive degree are induced from the trivial representation of finite 
(parabolic) subgroups of Wb and are therefore projective. Thus, CC^ is 
a projective resolution of the trivial VFB~iiiodule. It follows from this, and 
Proposition 13.11 that 

HP(CDn) ^ I ^^s) if P ^ 2 

^ ^ \ otherwise. ^ ^ 

where kWB is endowed with the adjoint action of Wb- 

5. The E2-term of the Dynkin complex of a Coxeter group 

5.1. Finite Coxeter groups. We assume in this section that the Coxeter 
group W is finite. 

Consider the complex 

HC= ^ kWB' (6) 

BCD 

where kWB^ appears in degree \B\, endowed with the differential given 

by 

d* = ^(-l)(^''^) • AUb' : kWB' kWB'' (7) 

B' BCB' 

\B'HB\+1 

where, given B' Q D with ordered set of vertices ai < • • • < and B C B' 
such that B' \ B = {a-i}, we set (i?'; B) = i. 

Note that this complex is concentrated in degrees > 2 since, for \B\ = 1, 
we have /cWb"^ = k&2^ = 0. 

Consider the application (p : CD ^ HC given by 

3 a ^ Alts (a). (8) 
Proposition 5.1. The application cf) is a quasi-isomorphism of complexes- 
Proof Let a E kWB^''^^- We have (pdnia) = = (j){a) if On the 
other hand, if a = we have 

^doia) = Yl Alt(a) = doHa). 

BCB'CD 
\B'HB\+1 

SO that (j) is compatible with the differential. 
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Consider the filtration on HC given by {HC>qY = HC^ for p > q 
and {HC>qY = for p < q. The morphism (/> is a morphism of filtered 
complexes. Via the canonical isomorphisms of ^ the induced morphism 
(t)p : CD>p/CD>p^i HC>p/ HC>p+i becomes the smn over connected 
sub diagrams i? of D of cardinality p of the morphisms pb of §4.11 It fol- 
lows that (pp is a quasi-isomorphism by Proposition 14. 1[ The Proposition 
follows. □ 

Let D' be a connected subgraph of D and HC' the corresponding complex. 
Via the isomorphisms (p above, the restriction map of ^2.31 becomes 

Resg, : HC HC' 

fa iiBcD' 



kW% 3 a 



otherwise. 



Remark 5.2. It seems an interesting problem to determine whether the 
complex ©-([T]) is the cellular cochain of a CVF-complex or the Morse com- 
plex of a smooth manifold naturally associated to W. 

5.2. Finite part. Assume now that W is an arbitrary Coxeter group. We 
proceed as in ^5.11 for the subspace of CD corresponding to subdiagrams 
BCD such that Wb is finite. 

Let CDini C CD be the subcomplex 



CAnf= CDb 



BCD: 

|vyfl|=oo 



Let 



BCD: 
\Wb\<oo 



where B runs over connected subdiagrams of D which are Dynkin. Here, 
UWb^ is in degree |-B|, endowed with the differential given by 

. AltB : UWb' kWB'' 

B' BCB' 

\B'\ = \B\+1 

Consider the application 

cp:CD^ HCf 

kWB'^^\^ 3 a ^ if a = i? and \Wb\ < oc 

1 otherwise. 

As in Proposition I5.H one checks that is a morphism of complexes. 
Proposition 5.3. There is a distinguished triangle 

CAnf ^CD^ HCf ^ 
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Proof. One shows as m Proposition 15.11 that the map CD/CDinj HCf 
induced by is a quasi-isomorphism. □ 

6. Rigidity of quasi-Coxeter algebra structures on kW 

We apply below the results of Section [5] to show that quasi-Coxeter al- 
gebra structures on kW are rigid if W is finite. We begin by reviewing the 
definition of quasi-Coxeter algebras and their deformations. 

6.1. Quasi-Coxeter algebras [TL2t §3]. Let i? be a commutative ring 
with unit. Recall that a quasi-Coxeter algebra structure on RW is given 
by endowing it with the following data 

• Local monodromies: for each i G I, an invertible element Si £ 
RWa, ^ RZ2. 

• Elementary associators: for each connected subdiagram B Q D 
and vertices Ui ^ aj G B, an invertible element ^(B;ai,aj) £ RW. 

satisfying the following axioms 

• Orientation: 

• Support: 

• Braid relations: for any connected subdiagram BCD consisting 
of two vertices ai,aj such that the order rriij of SiSj £ W is finite, 
the following holds: 

Ad($(S;„„„,.))(5,) .Sj---=Sj- Ad($(B;„„„,))(5,) • • • (9) 

where the number of factors on each side is equal to niij . 
as well as an additional axiom called the generalised pentagon relations, see 
[TL2l §3.17]. 

The above axioms are designed so that the elements Si and ^(B;ai,aj) 
define a representation of the Tits braid group Bw on any 1^ -module, with 
isomorphic quasi-Coxeter algebra structures yielding equivalent representa- 
tions of Bw, see [TL2l §3.14]. 

6.2. Deformations of quasi Coxeter algebra structures [TL2\ §5]. 
Let now R = be the ring of formal power series in a variable h. Let 

i{S^}, and {{S^}, {'^'(B;.. ,.,)}) 

be quasi-Coxeter algebra structures on RW = kWlhJ such that, mod h 

Assume further that Si = 5^' for any Oi £ D, and that the two structures 
coincide mod h'^ for some n > 1, that is that 

= + ^"ViB;a,,a,) mod ff'^' (10) 

for any ^ £ B C D, where ^(^B;a,,a,) e A;P^b^\^"-°^^ 
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Then, by |TL2l Thm. 5.22], ip = {^[B;ai,aj)] is a 2-cocycle in the Dynkin 
complex CD{kW) and the two structures are isomorphic mod W"'^^ if, and 
only if, (/? is a coboundary. 

6.3. Rigidity. Let be elements such that 

Si € kWai Wi ^"^^ — mod h 

Theorem 6.1. Assume that W is finite. Then there exists, up to isomor- 
phism, at most one quasi-Coxeter algebra structure on kWlhJ with local 
monodromies given by the elements Si and associators equal to 1 mod h. 

Proof. Let Lp G CD'^{kW) be the infinitesimal defined by p^ . The lineari- 
sation of the braid relations ([9]) reads, for any connected subdiagram BOD 
with vertex set {oj, aj} 

AltB{p(B;a„a,)) = 

where Alt^ : kWs kWs^ is the antisymmetrisation operator. 

The image of p in HC'^{kW) = 0bcd-|b|=2 kWs^ via the morphism ([8]) 
is therefore zero so that [(f] = in HD^{kW) by Proposition EH □ 

6.4. When A; = C, one can endow /cTy|/i] with two quasi-Coxeter algebra 
structures having local monodromies 

Si = Si- exp^TTy/^kaihsi) 

where qo^ G C are a set of complex weights invariant under W [TL21 §4] . The 
first structure comes from the standard one on the Iwahori-Hecke algebra 
TCW obtained by quotienting the group algebra of the braid group Bw by 
the quadratic relations 

{Si-qi){Si + q;') = 

where qi = exp{2TT\/—lka^h), The second one underlies the monodromy of 
Cherednik's rational KZ connection [Ch] . 

By [TL2[ §4.2.2], these two structures are isomorphic. Theorem 16.11 
strenghtens this result by showing that there are no other such structures 
with the above local monodromies. 

7. Top dimensional Dynkin diagram cohomology of Coxeter 

GROUPS 

7.1. Sign— coinvariants of kW. Let be a Coxeter group with system of 
generators 5 = {si}jg/. Let F be a T^-module and set 

F = ^y'' and Ve = V/V (11) 

i 

Proposition 7.1. 

(1) V is invariant under W. 
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(2) For any v and w € W , 

w V = £{w)v mod V 

where £ is the sign character ofW. Thus, W acts on Ve by e. 

(3) If V = Vj is a direct sum of W-submodules, then V = 0^- Vj. 
In particular, 

3 

Proof, (i) Since V^"- = (1 + Si)V , we have 

SjV'^ = sj{l + Si)V C (1 + Sj){l + Si)V + (1 + Si)V C V'^ + V 
ill) Write w — Sj-^ • • • Sj^. Then, for any v (^'V 

WV = Si^--- Si^V 

= -Si2 ■ ■ ■ Si^V + (1 + Sii)Si2 ■ ■ ■ Sie'^ 

e 

= {-lYv + Y^{-iy-^{i + si^)si^^, ■ ■ ■ s,,v 

3=1 

(iii) is clear. □ 

Remark 7.2. Proposition 17. II also follows from the fact that V^* = {l + Si)V 
so that K ~ e (Xij-w V. 



' e 

Let now V = kW endowed with the conjugation action of W and let C 
be the set of conjugacy classes of W. For any c £ C, choose Wc £ c and let 
be the image of Wc G kW in kWe. Let Cw{wc) be the centraliser of Wc 
in W. 

Proposition 7.3. 

(1) For any Coxeter group W, we have A^^ / when £{Cwi'Wc)) = 1 
and 

kWe = kA^^ 



ceC: 

(2) If W is finite, then given c such that e{Cwi'Wc)) = Ij the element 
A""" = Y.n,'ew/Cwiwc) £{w')w'wcw'~'^ is non-zero and 

kW = kA""^. 

ceC: 
e{Cw(wc))=l 

Proof, (i) Since kW = 0ceC -^c '^here J^c = k (c) is the subspace spanned 
by elements of c, Proposition 17.11 yields kWy^ = 0cec(-^c)e- Since W acts 
transitively on c, it follows from (ii) of Proposition mi that {J-c)e is spanned 
by Ayj^ and therefore at most one-dimensional. If w centralises Wc, then, by 
(ii) of Proposition 17.11 

Ayia ~ A^yj^^-1 = wAyj^ = e{w)Ayj^ 
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is zero if the sign character is not trivial on the centrahser of 
Wc- Conversely, e{Cwiwc)) = 1, the assignement wwc ^iw) consistently 
defines a non-zero linear form on J^c which descends to {J-'c)e so that A^^ ^ 
0. (ii) readily follows from (i) and the fact that if W is finite, — for 
any VF-module V. □ 

Consider c G C such that e{Cw{wc)) = 1- Then, A^,^ depends only on c 
and we put Ac = A^^. Similarly, when W is finite we put A^ = A'^". 

7.2. Top cohomology. Assume now that W is irreducible of rank n and 
let D be its Coxeter graph. Let V be the collection of proper, maximal 
connected subdiagrams B oi D and kW-p C kW the span of kWB as B 
varies in V. For any c G C, let Ac be the class of Ac in kWg/ [kW-p n kW) . 

Proposition 7.4. We have a decomposition in one- dimensional subspaces 

HD^ikW) = kA^^ 

ceC: 

cnWB=ii,VBev 

Proof. The top degree Dynkin differential d^ is zero. Moreover, 

n 

d1^^a(^D;D) = '^{-'^y~^{a{D;D\a,) " "fC'">°-D\a ) ^ 

1 = 1 * 

Since a^o-D^^i) e kW' and a „D\c,, G kW d\c.,, 

n 

Imd'^-^ = kW'^ + kWs 

i=l BeV 

The result now follows from Proposition 17. 3i □ 

8. Finite Coxeter groups 

8.1. Finite Coxeter groups of rank 2. Let W = \2{rn), m > 3, be the 
Coxeter group with generators s,t and relations s"^ = 1 = t'^ and (st)"* = 1. 
For p = 0, . . . , m — 1, let be the conjugacy class of {sty. 

Proposition 8.1. 

p=i 

Proof. The only conjugacy classes involved in the decomposition of propo- 
sition 17.31 are those of words in s,t of even length and therefore those of 
the powers of st and ts. Since ts = s{st)s we need only consider the 
classes c^, p = 1, . . . ,m — 1. Moreover, since (st)'^~P = {tsy = s{st)Ps, 
cP = c^~P and we may restrict our attention lo \ < p < m/2. Finally, 
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since for m even (st)"*/^ is central in W, the only possible relevant val- 
ues of p are 1, . . . , [ "^2"^ J • '^^^ proposition follows from the fact that for 
p = 1, . . . , l^^^^Y^l , the centraliser of {st)^ in W is generated by st. □ 

bmce the differential d* ([7]) is zero for W of rank 2, Proposition lS.ll implies 
the following 



Theorem 8.2. For any m > 3, 

dimHDP{k\2{m)) 



ifp = 

ifp = l 

Ll-ij ^fp = 2 

ifp>3 



8.2. Type A„. Let W = 6^+1 be the Weyl group of type A„, n > 1. The 
conjugacy classes in W are parametrised by partitions A = (Ai, . . . , Xk) of 
n + 1, with the class of the product of cycles 

k-l k 

r^ = (12 ••• Ai)(Ai + lAi + 2 ••• Ai + A2)---(^A, + 1 ••• J^Ai) 

1=1 1=1 

8.2.1. For any m G N* , let 

Om = {X^ m\ Xi G 2N + 1, Vi and Ai / Xj, Mi / j} (12) 
be the set of partitions of m consisting of odd, distinct parts. 
Proposition 8.3. 

AGOn + l 

Proof. Since e(mm + l • • • m+p— 1) = (— 1)^"^, the only conjugacy classes 
involved in the decomposition of Proposition 17.31 are those such that each Xi 
is odd. Moreover, since the product 

(m m + 1 • • • m+ p — l)[m' m' + 1 • • • m' + p — 1) 

of two disjoint cycles of equal length is centralised by vr = (m m') ■ ■ ■ (m + 
p—lm'+p—l) and e(7r) = (—1)^, the Aj's must all be distinct. When this 
last condition is fulfilled, any element centralising is of the form 

k-l k 

C = (12 ••• Ain(Ai + lAi + 2 ••• Ai + A2r^---(5]A, + 1 ••• ^A^n 

i=l 1=1 

for some < rrij < Aj — 1. Since e(C) = Y\i{{—^)^^~^)^^ ^ the partitions 
arising in the decomposition of Proposition 17.31 are exactly those in On+i- 

□ 



14 R. ROUQUIER AND V. TOLEDANO LAREDO 

8.2.2. Identify the connected subdiagrams of the Coxeter graph D W 
with the subintervals of [1,^] having integral endpoints so that — 
Sj_j+2- For any 2 < p < n and 1 < i < n — p + 1, let 

^li,i+p-l] = Alt[i,i+p-l] ('^[ii+p-l]) £ ^W^[i,j+p_l] (13) 

be the generator corresponding to A G Op+i. We shall need the following 
Lemma 8.4. 



^ ^ ^ I otherwise 

and 



Altu 



+p-l](^fi,i+p-l]) 



otherwise 



provided i < n — p and i >2 respectively. 

Proof. The first identity follows from the fact that under the inclusion 

e[i_i+p_i] C &[u+p], '^ii,i+p-i] is mapped to r^^^Jy The second one follows 
from the first and the fact that, in S[i-i,j+p-i], 

^[i,^+p-l] = Ad((i - 1 i • • • i + P))r[ii^,+p_2] 
and e(i - li ••• i + p) = □ 



8.2.3. Label the nodes of D as in [Boj Planche I] and order them as ai < 
■ ■ ■ < On- For any p = 1, . . . , n, let 



n—p+l n—p 

i,j+p] 



4-- © m^P-lf^^kWy, ^ 



i=l j=l 

be the differential of HC, where the right-hand side is understood to be 
if p = n. Set 

0;+i = {AGOp+i|l^ A} (14) 
Proposition 8.5. For any p = 2, . . . ,n, 

n—p+l 

© © fc^Wi] (15) 

i=l XeOp+i: 

lex 



Kerd* = lmdf_^® kB^ (16) 
where B^ = T:=r'All^^^_^y 
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Proof. Since 

{[i-l,i+p-2];[i,i+p-2]) = 1 and + p - + p - 2]) = p 

Lemma [8^ yields, for any X £ Op and i = 1, . . . ,n — p + 2, 



>-l^[j,j+p-2] 



It follows that, for any X £ O*, 

<-i(E^C.+p-2]) = (18) 

which yields It also follows from ^ that, for A G 0*^1, is the 

unique linear combination of A|^ such that dpB = 0, which yields 

(USD. ' □ 

8.2.4. 

Theorem 8.6. For any < p < n, 

I otherwise 

Proof. (I19p holds for p > 2 by proposition 18.51 and therefore for p > since 
dimFZ)^(A;e„+i) = = \0*^^\ for i = 0, 1. □ 

8.2.5. Generating function. 
Theorem 8.7. Set 

™>1,P>0 

Then, 

^ (^'*) = T3^^ 

Proof. Since HD^{k6n+i) = if p = or p > n + 1, we have 
X''{q,t)= Yl q^'tP dim H DP {k&n+i) 

n>p>l 



tPqP 

P>1 



1 nd>i(i + (gt)^"+^)-i 

1-9 9* 
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where the last identity fohows from the fact that 

nou = = (1 + + + • • • - 1 (20) 

m>l m>2 

□ 

Remark 8.8. Up to a multiphcation by gt, the generating function is 
the product a Fermionic partition function by that of a one-dimensional 
harmonic oscillator. It would be interesting to know whether the direct sum 

HDP{k6n+l) 

">1,P>0 

possesses a natural action of an infinite-dimensional Clifford algebra similar 
in spirit to that on the cohomology of the Hilbert schemes of points on a 
surface IGrl INal . 



8.3. Type B„. Let now = S„ ix Z2 be the Weyl group of type B„, 
n > 2, and denote the generators of by £», z = 1, . . . , n. The conjugacy 
classes in W are parametrised by ordered pairs of partitions (A, fj,) such that 
|A| + 1^1 = n, where |A| = Y.i>'i EB Prop. 3.4.7]. The class c^^'^'^ is that 
of the product where 

r^ = (12 ••• Ai)(Ai + lAi + 2 ••• Ai + A2)---(|A|-Afc + 1 ••• |A|) (21) 
and 

?^ = (|A| + 1 • • • |A| + /xi)e|A|+Mi ■■■{n- ne + l ■■■ n)e„ (22) 
Proposition 8.9. 

Hh kA ij n IS even 



u\-n/2 

if n is odd 



Proof. A necessary condition for a conjugacy class c^'^'^^^ to contribute to the 
decomposition of Proposition 17.31 is that the Aj be odd and the fij even since 
e{ei) = —1. Since (mm + 1 ••• m + p — 1) is centralised by 
and e{em • • • £m+p-i) = (~1}^) ^ must in fact be the empty partition. In 
particular, n must be everG. There remains to show that if fi h n only 
contains even parts, the sign character e is trivial on the centraliser of r^. 
This is readily reduced to the case when ^ only has one part which follows 
in turn from the following result. □ 

Lemma 8.10. The centraliser of (1 ■ ■ ■ p)ep in 6p k Z2 is the group 
generated by {1 ■ ■ ■ p)ep. 



^this also follows from the fact that the central element — ei ■ ■ ■ £n is of sign ( — 1)" 
so that 

c {/ e kw\ C/C = (-1)"/} 

is zero if n is odd. 



THE DYNKIN DIAGRAM COHOMOLOGY OF FINITE COXETER GROUPS 17 

Proof. If G Sp K ^2 centralises (1 • • • p)ep, its projection in Sp centralises 
(1 • • • p) and is therefore equal to (1 • • • pY for some < s < p — 1. Thus 
{{1 ■ ■ ■ p)ep)~'^w centralises (1 ■ ■ ■ p)ep and lies in Z2 from which it readily 
follows that it is either equal to 1 or to ei • • • = ((1 • • • p)ep)^. □ 

Proposition 8.11. For any < p < n, we have 

'1 if {^1 = and X = X'U with X' G O*^^) 

dim HD'P{kWB J c>^,^ = < or (A = and fi = 2u with v H p/2) 

otherwise. 

V 

In particular, 

dimifDf (WbJ = dim/7Df (A:6n) + <5pg2N* • i^(p/2) 
where P is the partition function. 

Proof. Identify the connected subdiagrams of the Coxeter graph D of W 
with the subintervals of [l,n] having integral endpoints so that 

&j-i+2 if j <n-l 

For 1 < p < n — 1 and 1 < i < n — let 

be the generator corresponding to A G Op+i, as in (fT3]) . By Proposition 18.91 
Alt[i^n]{^[i n-i]) ~ ^- Since, in addition kW^^-p+i^nf is zero whenever p is 
odd and of dimension h p/2}\ = P[p/2) when p is even, the complex 
(©BCD ^^-B^; of ^decomposes as the direct sum of the corresponding 
complex for (3„ and a complex concentrated in positive, even degrees with 
chain groups of dimension 5pg2N* " □ 

Theorem 8.12. Setx^{q,t) = E„>2,p>o 9"*^ dimi7DP(A:W^Bj. Then, 

X 9, = = Tj + = r. 

{l-q)t l-q 

Proof. This follows from Proposition 18.111 Theorem 18.71 and the fact that 

m>0 d>l 

□ 

8.4. Type D„. Let ^2 + ^2 the kernel of the sign character and W = 
Gn ^2 + Weyl group of type D„, n > 3. The conjugacy classes in W 
fan into two types [GB Prop. 3.4.12]: 

type I. These are labelled by ordered pairs (A, /i) of partitions such that |A| + 
\^\ = n and the number of parts [/i] of ^ is even. The corresponding 
class c^'^''^) is that of the product where t^, are given by 
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type II. These are labelled by partitions A of n all of whose parts are even, 
with c'*''" the class of 

r^'" = (12 • • • Ai) • • • (n - Xk-i - A^ + 1 • • • n - Afc)(n - A^ + 1 • • • n)en-ien 
8.4.1. 

Proposition 8.13. 



(/c6„ x 



® 



kA 



,{A,m) 



0<m<n, 

n — m • 

[At]e2N 



kA 



uhn/2: 



if n is even 



if n is odd 



(23) 



Proof. Conjugacy classes of type II do not contribute to the decomposition 
of Proposition 17.31 since r^'" is centralised by 

w = {n- Xk + l ■■■ n)£n-ien 

and £{w) = (—1)''**^-'^ = —1. Consider now a class c*^''*''^^ of type I which 
contributes to the decomposition of Proposition 17.31 As in Proposition 18.31 
the Aj must be odd and distinct if A is nonempty. Moreover, since for any 

l<i< i <(■ 

i—l i 
Wi,j =(|A| +^/ia + l ••• 1^1 +2^/^a)e|A|+EUi/^a 



a=l 

i-1 



a=l 

j 



•(I A| + + 1 • • • I A| + ^ /^-)^|A|+E^,^, e 



W 



a=l 



a=l 



centralises r'^r^ and £{wij) = (— l)/^»+A*j, all must be of the same parity. 
Finally, since for Ai odd, 

w; = (1 2 • • • Ai)ei • • • • (|A| + 1 • • • |A| + /ii)e|A|+;.i 

lies in W, centralises and £{w) = (— 1)^'^ all fn must be odd, and 

therefore distinct, if A is nonempty. 

There remains to show that if c is a conjugacy class appearing on the 
right-hand side of (j23p . then e is trivial on the centraliser of any element 
of c. If c = c('''^) with all fii even, the centraliser of in xi ©„ lies in 
the kernel of £ by Proposition 18. 9[ A fortiori, this is true in Z2 _|_ x &n- If, 
on the other hand, c = c^^'^^^ , where A and fi are either empty or consist of 
odd, distinct parts, it follows from Lemma 18.141 below that the component 
a G S„ of any w W centralising r^r^ is of the form 

(12... Ain---(|A|-Afe + 1--- lAin 
.(|A|+1... |A| +/.i)-i...(n-/i, + l ••• 
so that £{w) = £{a) = 1. □ 
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Lemma 8.14. The centraliser of {1- ■ ■ p){p + l- ■ ■ 2p)e2p in in &2p K is 
the product of the centralisers of {!■ ■ ■ p) and {p+1 ■ ■ ■ 2p)e2p in &{i^,„^p} xZ^ 
and ©{p+i,...,2p} ^ ^2 respectively. 

8.4.2. Label now the nodes of the Dynkin diagram D of as in [Bo[ 
Planche IV], so that 0^-2 is the trivalent node of D if n > 4, and order 
them as ai < • • • < 0^-2 < ctn-i < ctn- For any 1 < i < j < n — 2, let 
[i, j] C be the connected subdiag ram with vertices 0;^, • • • ; c^j* For any 
i = 1, . . . ,?i — 2, let (Z D he the connected subdiagrams with vertices 
Oj, . . . , an-2 and On-i (resp. a„) and BJ C D the subdiagram with vertices 
ai,..., an- Thus, 

~ 6j-i+2, Wj^± ~ &n-i+i and Wj^y ~ &n-i+i x 

Let cr G Aut(VF) be the involution induced by fixing the nodes ai, . . . , an-2 
and permuting a^-i and an so that cr(W^n+) = Wn- . For any A G On-i+i, 

i i 

set =f^^o+- 

i z 

Proposition 8.15. The following holds for 3 < p < n, 

n— p— 1 

Im«i*_i = ® ® ^^[i,i+p-i] 

AeOp+i: i=l 



lex 



A 



AeOp+i: (24) 
leA ^ ' 



kA 



l<m<p, 

_AGOm, 
G Op — m ■ 

ieA,[p]e2N 



where the first summand only arises if p < n — 2 and 

(25) 



Proof. By ([TS]) . the image of the restriction of to 

n— p— 1 
© kW^,,+p-2f 

i=i 

is the span of the generators A'^;^_^^_y^, i = 1,... ,n—p—l, as A runs through 
the elements of Op+i containing 1. This accounts for the first summand in 
(j24p . Further, since 

{[n — p — l,n — 2];[n — p,n — 2]) = 1 and {B^_p;[n — p,n — 2]) = p 
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Lemma EH] yields, for any X G Op, 

d* (A"^ X _ / INP . r _ . .c^u{i} AU{1} c^u{i}\ 

""p~l\^[n-p,n-2\) — \~^) ^l^A I ^[n-p-l,n-2] + B-_p J 

Thus, if p < n — 1 and A G Op+i contains 1, 

Glmdf_i (26) 

n—p n—p 

To proceed, we need the following 
Lemma 8.16. For any A G Op, 

Alt^.- {At ) = 

Proof. The "+" identity follows from the fact that, under the inclusion 
Wr,+ C WnY , I is mapped to r^y . The "-" one follows 

by applying the automorphism a and noticing that A^^y"'^ is fixed by a. 

n-p+l 

Indeed if 1 G A, r^y lies in W!n-p+i,n~2] and is therefore fixed by a. 

n — p + l 

If on the other hand 1 ^ A, the cycle (n — A^ + 1 • • • n) is the product 
s„_A,+r--«n-i, so that 

a{n - Afc + 1 • • • n) = s^_j^^^ ■ ■ ■ Sn-2Sn 

= [n- Xk + l ■■■ n)£n-ien 

= Ad(e„_^^^-^ • • • e„-i)(n - A^ + 1 • • • n) 

whence 

=Alt«. .fAd(e._T,..---en-i)rI. ) = Af'^ 



a A%Y = Altoy Ad(e„ t ■ ■ ■ en-i)Tny = A'Ly 

K-p+l ^n-p+i V ^ n-Afe+1 " K-p+i) K- 

since ' ' ' ^n-i) = (— l)'*''-'^^ and A,fc is odd. □ 



Since 

(-^n-p! -^n-p+l) = 1' (-^^-p+i; -^n-p+l) = P ^'^'^ i^n-p+l'^ ^n-p+l) = P — ^ 

lemmas 18.41 and 18.161 imply that, for any A G Op, 

<-i(4* ) = (-1)' (-^^i • ± P7) 

Choosing A G Op such that 1 ^ A in (p7|) and using (p6]) accounts for the 
second summand in (j24p . To conclude, we need the following straightforward 
consequence of Lemma 18.41 



Lemma 8.17. For any 4 < p < n, 

iflG X or fi^G 2N* 



-l)l'*'l • yl'^'y^^^^'''' otherwise 
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Since d*Af) = -Altoy (/) for any / G kWj.Y ^ Lemma EIT] 
accounts for the third summand in (1241). □ 



8.4.3. 

Proposition 8.18. The following holds for any 2 < p < n, 

kBx ifp<n-l 



Kerd# = Im<_ie M^^' 



n— p+1 

Me2N 



^/^^ 



n 



0<m<n, 

n — m 



(28) 

where the second summand only arises if p is even and greater or equal to 
3, O* = {A G Oq\ l^X} forq> 1, O* = {0} and 



71— p— 1 



n— p n—p 

i=l 

Proof. For > 3 even, the subspace spanned by A^y^"' , z/ h p/2, hes in 

n-p + l 

Kerdf" by lemma [8. 171 and is in direct sum with Imd^^^ by proposition 18.151 

This accounts for the second summand in (j28p . Let now / G Ker df" be such 
that all components of fnv of type c^®'^'^\ h p/2, are zero. If p = n, / 

n — p + l 

lies in the span of the elements A'^y''' , (A, fi) G Cm x Cn-m and < m < n. 



Since dn = and 



imei=0^4r© ® ^< 

AeO* ljm<ri, 
_AgO™, 

fl^On — m • 

ieA,[p]e2N 

by Proposition 18.151 (j28p holds for p = n. Assume now that p < n — 1. 
By lemmas 18. 16118.171 the restriction of df" is injective on the span of the 
elements A'^y^' where (A,/i) G Cm x Cp-m! < m < p, are such that A 

-°n-p + l 

does not contain 1 and is nonempty. The corresponding components of / 
are therefore zero. Since A^y''' lies in Imd* , if 1 G A by Lemma 18.171 

we may therefore assume that fnY only has components along A^y"' , 

n-p + l -°n-p + l 

A G Op. Working modulo the first summand of Imdp_^ given by Proposition 
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I8.15t we may further assume that / hes in the span of 

n—p—l 
^^fi,i+p-l] 

Aeo;+i i=i 



(29) 



n-p+l 



Let A E 0*^1. It readily fohows from ([H]) and ([27]) that G Ker . Next, 
applying (fTBI) to the c^-components of / along fcl^^j j_(_p_i]^, i = 1, . . . ,n — 
p — 1 and /cM^oi ^, we see that these components are equal to a\A?^. ,. 

and OA^Di respectively, for some constant oa- Thus, substracting axBx to 

f, we may assume that all these components are equal to zero and therefore 
that / lies in 



XeOp+i: 

leA 



By ()27p and Lemma 18.171 any solution of df f = with values in (j30p lies in 
the subspace ©AeOp+rieA defined by ([25]) and therefore in Im(i*_]^. □ 

8.4.4. 

Theorem 8.19. For any < p < n, we have 

' 1 i/ (c = c^^"'"'^"'^ for some v \- p/2 with [v] G 2N) 
or (c = c(^u{i"-^-i},0) ^^^^ ^ ^ 



dimi/DP(/tWD„ 



and 

dim HD''{kWD„ 



otherwise 

1 i/ c = c'^''' ifjii/i A G and ji G On-m and [//] G 2N 
otherwise. 



8.5. Stabilisation. Assume that W is of classical type X = A, B or D. 
Then, using the description of the Dynkin cohomology of kW given in this 
section, one readily checks that for n > m, the restriction map on Dynkin 
diagram cohomology defined in §2.31 

Res^;;^ : HD^ikW^J ^ HD^ikW^J 

is an isomorphism for p < m. 

8.6. Exceptional groups. 

8.6.1. G2. The Weyl group of type G2 = 1(6) was treated in Section ISTTl 
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8.6.2. F4. Let W be the Weyl group of type F4 and label the connected 
subdiagrams of D by the subintervals of [1, 4] with integral endpoints. Thus, 
VF[i_3] and W[2,4] S'l'e of type B3, W[i,2] and VF[3^4] are of type A2, and M^p^s] 
is of type B2. It follows from Propositions 18.3 1 and 18.9) that 



kW, 



[1,2: 



" ~ k 



■ 



W[2,4]^ 







The differential of HC is therefore equal to zero, so that 



dim H DP (kW) 



if p = 
if p = 1 
if p = 2 
if p = 3 



dim kW^ if p = 4 
if p > 5 



8.6.3. GAP calculations. For the groups H3, H4, Eg, E7 and Eg, the dimen- 
sion of the cohomology spaces of the complex HC can be readily computed 
with the computer algebra package |GAP| . For each B, we enumerate con- 
jugacy classes of Wb and select those whose elements have a centraliser in 
the kernel of e. Then, we compute the matrices corresponding to the dif- 
ferentials and determine their rank. We indicate the results in the following 
table, where the columns provide dim H (kW) , i = 2, . . . ,n. 



i = 


2 


00 


4 


5 


6 


7 8 


Ee 


1 





2 





4 




E7 


1 





2 





7 





Eg 


1 





2 





6 


1 17 


F4 


3 





5 








G2 


2 












Hs 


3 













H4 


3 





16 









9. Affine Coxeter groups 

The methods of Sections 14.21 and 15.21 provide a partial computation of 
the Dynkin cohomology of affine Weyl groups. Let Dq be a finite crystallo- 
graphic Dynkin diagram with n vertices and let D be its completion. Let V 
be the reflection representation of Wq = Wdq and let Q C F be the coroot 
lattice, so that ~ Q x Wq- 

We have canonical Serre duality isomorphisms 

ExttQ(fc, M) ^ Ext^^*(^' k)* ® A"^* 
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for any finitely generated kQ-module M and any integer i. Thus, given a 
finitely generated kW-module M and an integer i, we have isomorphisms 



(31) 

Let us describe the conjugacy classes of W. Given v £ Wq, let Qv Q 
be the sublattice given by 

Qv = {x - v{x) \ X e Q} 

Proposition 9.1. Representatives of conjugacy classes ofW are given by 
elements tv where v runs over representatives of conjugacy classes of Wq 
and t runs over representatives of {Q/Qv)/Cwoi'^)- 

Proof. Given t,t' £ Q and v,v' G Wq, if tv and t'v' are conjugate in W, 
then V and v' are conjugate in Wq. Let then g = tx with t £ Q and 
X G Wq be such that gtvg~^ = t'v. Then, x £ Cwoi^). We have gtvg~^ = 
xtx~^ ■ T ■ vT~^v~^ ■ v and the proposition follows. □ 

Let c be a conjugacy class of W, let vu £ c and let w be the image of w in 
Wq. The quotient Cwiw) = Cw{w)/Q^ is a subgroup of Cwoi"^)- Denoting 
as customary the vector space spanned by the elements of c by k{c), we have 

E^tlw{k,k{c)) c:^E^tl^\k{c),er 
~Ext"-^ , ,(k,£)* 



~ (Ext^-*,(A;,A;)* ®ej 



where the first isomorphism uses (j3ip . the second one Frobenius reciprocity 
and the last one the fact that, given a finitely-generated free abelian group 
L, we have the Koszul isomorphism H*{L, k) ~ A*(L* (gi^ k). 

Theorem 9.2. // the elements in c have infinite order, then 
HDi ~ (A^+i-^Cy'^) ef"^^""^ . 

Proof. The assumption on c shows that c H Wb = for any proper subset 
B oi D. Thus, the subcomplex CDc defined in Section [3.21 is concentrated 
in degree n. The theorem now follows from ^4.21 and the isomorphisms 
above. □ 

Remark 9.3. If the elements of c have finite order, then c has a non empty 
intersection with Wb for some proper connected subdiagram B oi D [Hu]. 
In that case, there is a distinguished triangle 



(A"-*+^(F'^) ® ef"^^""^ [-i] ^ CD^ ^ HCf^ ^ 
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where HCf^ is the subcomplex of HCf given by HC/^ = 0^ fc (c n WbY 
and B runs over the proper subdiagrams of D of size i. 
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